We report the experimental implementation of discrete-time topological quantum walks of a BoseEinstein condensate in momentum space. Introducing stroboscopic driving sequences to the generation of a momentum lattice, we show that the dynamics of atoms along the momentum lattice is dictated by a periodically driven Su-Schieffer-Heeger model, which is equivalent to a discretetime topological quantum walk. We directly measure the underlying topological invariants through time-averaged mean chiral displacements in different time frames, which are consistent with our experimental observation of topological phase transitions. The high tunability of the system further enables us to observe robust helical Floquet channels in the one-dimensional momentum lattice, which derive from the winding of Floquet quasienergy bands. Our experiment opens up the avenue of investigating discrete-time topological quantum walks using cold atoms, where the many-body environment and tunable interactions offer exciting new possibilities.
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Exploring topological phases is a main theme in modern physics. Characterized by topological invariants which reflect the global geometric properties of the system wave function, topological phases host a range of fascinating features, which are robust to local perturbations and are potentially useful for applications in quantum information and quantum computation [1, 2] . Besides conventional topological materials in solid-state systems, topological phenomena also emerge away from equilibrium. For example, topological phases and emergent topological phenomena exist in non-Hermitian open systems [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] , in periodically driven Floquet systems and quench processes [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] , which have stimulated intense interest recently due to the rapid progress in synthetic quantum-simulation platforms such as cold atoms [34] [35] [36] [37] , photonics [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] , phononics [53] , and superconducting qubits [54] .
A particularly interesting subject is topologies in periodically driven Floquet systems, which are shown to have a rich structure and host novel topological phases with no counterparts in static systems [20] [21] [22] [23] . A paradigmatic example of topological Floquet dynamics is discrete-time quantum walks, which, besides potential applications in quantum information [55] [56] [57] , have been widely used in photonics for the exploration of Floquet topological phases [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] . In cold atoms, whereas Floquet topological phases [34] and quantum walks [58] have been respectively implemented, quantum walks with topological properties are yet to be experimentally realized.
Here we report the experimental implementation of discrete-time topological quantum walks in momentum space for a Bose-Einstein condensate (BEC). Combining the generation of momentum lattice [59] [60] [61] [62] [63] with stroboscopic driving sequences, dynamics of the condensate atoms is governed by a Su-Schrieffer-Heeger (SSH) Hamiltonian in momentum space with periodically driven parameters. It follows that dynamics of the system can be described as a discrete-time quantum walk which supports Floquet topological phases. Our experiment is in sharp contrast to previous studies of topological quantum walks in photonics [38] [39] [40] [41] [42] [43] [44] [45] [46] , where dynamics are generated by Floquet operators rather than genuine Hamiltonians.
Since the topological classification of our Floquet system is Z ⊕ Z, two distinct topological invariants exist [64] . We directly measure both topological invariants using time-averaged mean chiral displacement (A-MCD) by going to different time frames, and identity a topological phase transition as the driving parameters are tuned. The topological phase transition is then confirmed experimentally through second-statistical-moment measurements. We further demonstrate helical Floquet channels in the one-dimensional momentum lattice [65, 66] , where atoms on different sublattice sites are locked into a leftward (rightward) unidirectional motion along the momentum lattice. These dispersionless channels originate from the winding of Floquet quasi-energy bands, and are protected by a pair of dynamic Chern numbers in parameter space. As a result, the unidirectional atom flow is robust against experimental errors.
Discrete-time quantum walks in momentum space:-As shown in Fig. 1 , we implement discrete-time quantum walks in momentum space using Raman-induced momentum lattice with radio-frequency (RF) modulations. In previous experiments, momentum lattices have been realized for cold atoms, taking advantage of the precise control of momentum states with multi-frequency Raman beams [59] [60] [61] [62] [63] . In our experiment, we further introduce periodic switching of the odd-and even-frequency components of the multi-frequency Raman lasers [see Fig. 1(a) ]. This gives rise to a stroboscopic switching of the hopping terms between adjacent sites along the momentum lattice. Here the n-th site ((n ∈ Z)) along the lattice corresponds to the momentum p n = n × 2 k, where k is the wave vector of the Raman lasers. As illustrated in Fig. 1(a) , atoms on site n and n + 1 are coupled by a pair of Raman beams with an offset frequency f n = (2n + 1) × 4E r , where E r is the recoil energy. In order to realize the switching of Raman couplings, the offset frequencies are divided into odd and even components depending on the parity of n. While these oddand even-frequency components are switched on and off by step functions through the RF driver, the effective Hamiltonian for the BEC atoms is given bŷ
where non-resonant Raman couplings are neglected.
Here m labels the unit cell, and a and b label the sublattice sites within a unit cell. As shown in Fig. 1(a) , adjacent momentum-lattice sites are mapped to sublattice sites a and b of a unit cell in Eq. (1), such that Experiment Simulation |m, a (|m, b ) corresponds to the momentum-lattice site n = 2m (n = 2m+1). Importantly, the step-wise Ramaninduced hopping rates w(t) and q(t) satisfy
where Ω is the Raman-coupling rate and w(t) is given by
Here j ∈ {0, 1, 2, ....}, T = t w + t q , and t w and t q are pulse durations for Raman processes with even-and oddfrequency components, respectively. The effective Hamiltonian Eq. (1) captures the dynamics well as long as Ω 4E r [67] , which is the case in our experiment. Dynamics under the periodically driven SSH model in Eq. (1) can be further mapped to discrete-time quantumwalk dynamics governed by Floquet operators. As illustrated in Fig. 1(b) , when the even-frequency Raman coupling is turned on, intra-cell hopping w(t) in Eq. (1) is finite while q(t) = 0. It follows that the corresponding time-evolution operator W (θ 1 ) is given by
where θ 1 = Ωt w /2. Similarly, when the odd-frequency Raman coupling is turned on, inter-cell hopping q(t) is finite and w(t) = 0. It follows that the time-evolution operator Q(θ 2 ) is
where θ 2 = Ωt q /2. Note that the condition t w + t q = T translates to θ 1 + θ 2 = ΩT /2. The overall dynamics of the system is thus governed the Floquet operator U = Q(θ 2 )W (θ 1 ), driving a discrete-time quantum-walk dynamics.
Experimentally, we prepare a BEC with ∼ 6 × 10 4 atoms in a crossed dipole trap with trapping frequencies 2π×(115, 40, 100)Hz. We generate the momentum lattice following the procedure outlined in Ref. [63] . Quantumwalk dynamics are introduced by periodical modulation of the Raman pulses inducing the momentum lattice. For detection, we turn off all the dipole trap and Raman beams, and take an absorption image after 20ms time of flight, from which atom populations in different momentum states are extracted. For all our experiments, we set Ω = 2π × 2.3kHz and E r ≈ 2.03kHz, while θ 1 and θ 2 are tuned by adjusting pulse durations t w and t q . A typical experimental measurement for a homogeneous discrete-time quantum-walk dynamics is shown in Fig. 2 , where a ballistic spreading of population, typical for discrete-time quantum walks, is observed. Here we fix T ≈ 0.22ms and t w = t q .
Detecting topological properties:-Quantum walks governed by the Floquet operator U = Q(θ 2 )W (θ 1 ) support Floquet topological phases, which are characterized by a pair of winding numbers defined in distinct time frames. As illustrated in Fig. 1(c) , these time frames are associated with the Floquet operators
which have chiral symmetry ΓU α Γ −1 = U −1 α (α = 1, 2) with Γ = σ z , and give rise to winding numbers C 1 and C 2 , respectively. Following the practice in Ref. [64] , we define topological invariants (C 0 , C π ) = (
), which dictate the number of topological edge states with quasienergies E = 0 and E = π, respectively, through the bulk-boundary correspondence. The topological phase diagram of the system is shown in Fig. 3(a) , where topological invariants (C 0 , C π ) are plotted as functions of the Raman-coupling parameters (θ 1 , θ 2 ).
To experimentally demonstrate topological features of the momentum-space quantum walk, we experimentally probe the topological invariants (C 0 , C π ), and confirm topological phase transitions by monitoring dynamics of condensate atoms in momentum space. Quantum walks in different time frames are implemented by applying different sequence of Raman pulses which correspond to U 1 and U 2 , respectively. Here we fix T ≈ 0.16ms and adjust t w and t q , which corresponds to θ 1 +θ 2 = 3π/8, as shown by the red dashed line in Fig. 3(a) .
First, we directly probe topological invariants (C 0 , C π ) by detecting mean chiral displacements [40] . We initialize atoms in the n = 0 state, let them evolve on the momentum lattice, and take time-of-flight images at different time steps. To suppress experimental errors induced by imperfect control of pulse durations in W and Q [67] , we measure the A-MCD for an N -step quantum walk, defined as
where α ∈ {1, 2} indicates the time frame, and P (α) m,a(b) (N step ) is the measured atom population in the state |m, a(b) at the N step -th step (N step ∈ N ) for the dynamics under U α . Performing the measurements in both time frames, we constructC 0,π = 1 2 (C 1 ±C 2 ), which should approach C 0,π in the long-time limit. In our experiment, as shown in Fig. 3(b) , the measured A-MCDs agree well with theoretical predictions after a six-step quantum walk.
An important observation of the measured A-MCD is the occurrence of a topological phase transition near γ = 1 (γ = θ 1 /θ 2 ), where the numerically calculated winding numbers C 1 and C 2 undergo abrupt changes. To confirm this, we measure the second-statistical moment M (α) 2 , which is defined as
for the N step -th step. In the long-time limit, M (α) 2 should peak at the topological phase boundary under U α [39] , where the corresponding winding number undergoes an abrupt jump. In Fig. 3(c) , we show measured M for both time frames are located near γ = 1, consistent with theoretical predictions. We note that the measured topological invariants and phase transitions are also consistent with edge-state measurement when an open boundary is imposed [67] . Robust helical Floquet channels:-The high tunability of our configuration further enables us to observe robust helical Floquet channels in the one-dimensional momentum lattice [65, 66] . These helical Floquet channels derive from windings of the Floquet quasienergy bands, and manifest themselves as unidirectional flow of atoms along the momentum lattice. To observe the phenomenon, we evolve the system under the Floquet operator U h = Q(π/2)W (π/2), which corresponds to fixing T ≈ 0.44ms and t w = t q . We then measure S z t as a function of m at each time step, where S z = (|m, a m, a| − |m, b m, b|)/2. More generally, we define the pseudo-spin operators S β (β = x, y, z) with S β = 1 2 |m, µ σ µν β m, ν|, where µ, ν ∈ {a, b} and σ µν β is the corresponding Pauli matrix element. In a perfect helical Floquet channel, pseudo-spins with spin-down (spinup) polarization along the z axis should propagate to the left (right), demonstrating a "spin-momentum locking" behavior discussed in Ref. [65] . Such a behavior is clearly observed in Fig. 4(a)(b) , where atoms initialized in |m = 0, b (|m = 0, a ) propagate to the left (right) along the momentum lattice during the quantum-walk dynamics.
Such a behavior originates from the winding of the Floquet quasienergy bands. In Fig. 4(c) , we show the quasienergy of U h . Whereas the quasienergy spectrum is gapless, thus invalidating the calculation of winding numbers defined on the one-dimensional Brillouin zone of the momentum lattice, the spectrum clearly shows the winding of Floquet quasienergy bands [15] . Importantly, the decoupled linear dispersions of atoms in states |a and |b underlie the dispersionless helical Floquet channels observed in Fig. 4(a)(b) . Formally, the Fourier components of U h can be decomposed into U 
with ν (a) = 1 and ν (b) = −1 under U h . These Floquet winding numbers are equivalent to dynamic Chern numbers defined on thek-t manifold, which can be visualized as dynamic-skyrmion structures in the pseudo-spin micromotion of the atoms [see Figs. 4(d)(e) ]. Here the pseudo-spin textures are given by n(k, t) = β=x,y,z S β t e β in eachk sector (e β being the unit vector of the corresponding direction), with atoms initialized in |b and |a , respectively, for Figs. 4(d) and (e).
Due to their topological origin, a remarkable feature of the helical Floquet channels is their robustness against perturbations, which manifests in the robustness of the spin-momentum locking. In our experiment, the fact that we observe these channels at all relies upon this very robustness. Specifically, due to experimental decoherence and fluctuations in the pulse durations, atoms in different helical Floquet channel are inevitably coupled to each other. In Fig. 4(f) , we plot the distribution of S z t along the momentum lattice at N step = 4. Whereas the peak values decay below 0.1, indicating atom loss from the corresponding helical Floquet channel, the highest peak is still on the left-(right-) most unit cell for atoms initialized in |b (|a ), such that the unidirectional flows are still observable. Further, atoms coupled out of a given Floquet channel lag behind the highest peak in propagation and reverse their pseudo-spin polarizations, suggesting the robustness of spin-momentum locking.
Conclusion:-We experimentally implement a stroboscopic driving of ultracold atoms on a momentum lattice, thus realizing discrete-time quantum-walk dynamics using cold atoms. We investigate in detail topological properties of the quantum-walk dynamics, including measuring topological invariants, probing topological phase transitions, and observing robust helical Floquet channels. By realizing discrete-time quantum-walk dynamics in a quantum many-body system via stroboscopic driving of the Hamiltonian, our experiment differs fundamentally from existing studies of photonic quantum-walk dynamics where the dynamics is driven by the propagation of classical light or photons rather than by Hamiltonians. Based on the flexible controls available in cold atoms, it would be interesting to explore topological quantumwalk dynamics under interaction, in the presence of nonHermicity, or in higher dimensions.
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In this Supplemental Materials, we provide details for the derivation of the effective Hamiltonian and the topological invariants. We also provide additional simulation and experimental data demonstrating time-averaged mean chiral displacement, the detection of topological edge states, and the comparison between the full and effective Hamiltonians.
DERIVATION OF THE EFFECTIVE HAMILTONIAN
In this section, we derive, from the full Hamiltonian, the effective Hamiltonian as shown in Eq. (1) of the main text. Following the experimental setup illustrated in Fig. 1 of the main text, we start from the single-particle Hamiltonian under the dipole approximation
+ ω e |e e| + ω g |g g|
where |g (|e ) is the atomic ground (excited) state with energy ω g ( ω e ), M is the atomic mass, and d is the electric dipole moment. The electric field is given by E = E + + E − , with
where
|g / , and ω + and ω i (φ + and φ i ) are the frequencies (phases) of acoustic-optical modulated Raman lasers. According to our experimental configuration (see Fig. 1 of the main text), we write k + = ke x , k i −ke x , and ∆ ≡ ω eg − ω + ω eg − ω i with ω eg ≡ ω e − ω g . Here e x is the unit vector along the x direction.
Without loss of generality, we assume that the Rabi frequencies Ω + and Ω i are real, so the Hamiltonian can be written aŝ
We then apply the rotating-wave approximation, adiabatically eliminate the excited state |e , and expand the external motion of the ground state in the discretized momentum lattice with |ψ = n c n e i2nkx |n ⊗ |g (n ∈ Z). The resulting effective ground-state Hamiltonian becomeŝ
(S5) Experimentally, we tune the effective Rabi frequencies of all Raman processes to be of the same magnitude, such that Ω = ΩnΩ+ 2∆ . We then havê
4Er t e −i(ω+−ωi)t e iϕn |n + 1 n|
where ϕ n = (φ + −φ n ), and we have taken the appropriate interaction picture. The effective Hamiltonian (S6) can be further simplified by neglecting non-resonant terms. Experimentally, we choose Ω 4E r , such that only resonant terms have significant contribution in the dynamics. The resulting Hamiltonian becomeŝ
which is a tight-binding Hamiltonian on a momentum lattice. In the experiment, we set ϕ n = 0 for all n. We now consider the periodic switching of the Raman couplings, due to the step functions imposed by the radiofrequecy (RF) driver. Denoting the pulse durations when the even-(odd-) frequency components are switched on as t w (t q ), we map the effective Hamiltonian to a SuSchiefer-Heeger (SSH) model in momentum space with periodically driven coefficientŝ
where the mapping between |m, a(b) as well as the coefficients w(t) and q(t) are given in the main text.
topological invariants can be calculated by going to different time frames. These time frames are respectively governed by the Floquet operators
The topology of these Floquet operators are characterized by their associated winding numbers (C 1 , C 2 ). To calculate the winding numbers, we perform Fourier transforms on U 1 and U 2 , and write their Fourier components as
where σ x,y,z are Pauli matrices, I is a two-by-two identity matrix, and the coefficients d
and
Herek belongs to the first Brillouin zone of the momentum lattice. The winding numbers are calculated as
Alternatively, we define the topological invariants
which directly correspond to topological edge states with quasienergies = 0 and = π, respectively, through the bulk-boundary correspondence. The topological phase diagram for (C 0 , C π ) are shown in Fig. 3 of the main text. 
TIME AVERAGED MEAN CHIRAL DISPLACEMENT
Topological invariants can be directly probed in quantum-walk dynamics through mean chiral displacement (MCD), defined as N step ) is the atom population in |m, a(b) at the N step -th step under U α . In our experiment, we measure the time-averaged mean chiral displacement (A-MCD) instead, which converges faster to the corresponding winding number. The A-MCD is defined as
In Fig. S1 , we show a numerical calculation comparing MCD and A-MCD for a finite-step quantum walk governed by the effective Hamiltonian Eq. (S8). Whereas oscillations in the MCD persist into longer times, A-MCD already converges at the sixth step. Apparently, the fast convergence of A-MCD stems from the oscillatory behavior of MCD at intermediate times. Further, from an experimental point of view, A-MCD helps to average out the inevitable fluctuations in the durations of Raman pulses. As such, it is preferable to probe A-MCD for the direct measurement of winding numbers.
The dynamics with time fram $U_1$ for BEC prepared at the edge when (a) $\gamma=0.5$, (b) numerical simulation, and (c) $gamma=2$, (d) numerical simulations. When $\gamma<1$, the edge state remains for a long time.
(e) The dynamics with time frame $U_1$ for BEC prepared at the bulk when $\gamma=0.5$, and (f) the numerical simulations. 
DETECTING OF EDGE STATES
A prominent property of topological phases, robust edge states exist at boundaries between bulks with different topological invariants. The presence of edge states give rise to local population accumulation in quantumwalk dynamics, which have been used as a signature for topological quantum walks. For our system, we create an open boundary near n = 0 by turning off RF components in the AOM dirver corresponding to sites with n < 0. In Fig. S2 , we show measured atom population along the momentum lattice at different times of the dynamics. Under an open boundary condition, local atom population should accumulate near n = 0 when the bulk has finite winding numbers. In contrast, when the bulk winding numbers vanish, atom population should become extended in momentum space at long times. As illustrated in Fig. S2(a)(c) , difference in the local-population accumulation near the boundary for topological trivial and non-trivial bulks is becoming discernable at the sixth step, albeit larger steps are needed to fully differentiate the two cases. For comparison, we plot in Fig. S2 (e)(f) dynamics of a homogeneous quantum walk. Despite finite winding numbers in the bulk, atom population becomes extended at long times, due to the absence of any boundaries. 
COMPARSION OF THE FULL HAMILTONIAN AND THE SIMPLIFIED HAMILTONIAN
In this section, we compare dynamics under the full Hamiltonian in Eq. (S6) and that under the simplified periodically driven SSH model Eq. (S8). Using numerical simulations, we demonstrate that, under our typical experimental conditions, it is reasonable to neglect the non-resonant terms in Eq. (S6), a crucial approximation leading to the implementation of discrete-time quantumwalk dynamics in momentum space.
We adopt the time frame governed by U 1 , and choose two sets of parameters: (θ 1 , θ 2 ) = (5π/16, π/16) with C 1 = 0, and (θ 1 , θ 2 ) = (3π/32, 9π/32) with C 1 = 1. In Fig. S3 , we plot the resulting A-MCD under the ideal Hamiltonian in red, and the A-MCD under the full Hamiltonian in blue. In both cases, the two results lie close to one another and to the respective winding number C 1 (yellow dashed line) up to sixteen time steps.
